ON THE FROBENIUS NORM OF THE INVERSE OF A NON-NEGATIVE
MATRIX

ELSA FRANKEL AND JOHN URSCHEL

ABSTRACT. We prove a new lower bound for the Frobenius norm of the inverse of an non-negative
matrix. This bound is only a modest improvement over previous results, but is sufficient for fully
resolving a conjecture of Harwitz and Sloane, commonly referred to as the S-matrix conjecture, for
all dimensions larger than a small constant.

1. INTRODUCTION

Given a matrix A € R™ ™ let ||Alr = trace(A”A)'/? be the Frobenius norm and ||A|max =
max; ;j |A;;| be the max norm. These two norms satisfy the inequalities ||A|lmax < [|Allr < n||Allmax,
which are tight for a matrix with only a single non-zero entry and a matrix with all entries equal,
respectively. Given a matrix with a fixed maximum entry size, one may ask similar questions about
the Frobenius norm of the inverse of the matrix. The Frobenius norm of the inverse can be arbitrarily
large as the smallest singular value of A tends to zero. A lower bound of [[A7||r > || AL, can be
easily produced using only the Cauchy-Schwarz inequality. Let (A, B)r = trace(BT A) be the Frobenius
inner product, and recall that a matrix A is called a Hadamard matrix if A € {£1}"*" and AT A = nlI,
and called an S-matrix if A € {0,1}"*" and AT A = 21(I 4+ 117), where 1 is the all-ones vector.

Proposition 1.1. Let A be a non-singular matriz. Then |A= | r > | A5k, with equality if and only
if A is a multiple of a Hadamard matriz.

Proof. Without loss of generality, consider an n x n matrix A with ||A||max = 1. We have
n® = (AT, AL < [AIFNATE < 22 Al Rl AT IE

where equality occurs throughout if and only if A € {£1}"*" and AT = cA~! for some constant c.
Multiplying AT = cA~! by A implies that ¢ = n and AT A = nl, so A is a Hadamard matrix. O

The same question regarding the minimum value of ||A~!||z for non-negative matrices was asked
by Harwitz and Sloane in 1976 [6, Sec. IV.B]. In particular, they conjectured that, for an n x n non-
negative, non-singular matrix A, A=Y > anrll |A|5L,, with equality if and only if A is a positive
multiple of an S-matrix. We convert this conjecture into a theorem for n larger than a small constant.

Theorem 1.2 (Main Result). Let n > 1000 and A be an n X n non-negative, non-singular matriz.
Then

_ 2n _
[ -~y 1||A||mix,

with equality if and only if A is a positive multiple of an S-matriz.
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2 FROBENIUS NORM OF INVERSE OF NON-NEGATIVE MATRIX

This conjecture originally arose from a problem in spectroscopy (see [5, 6] for details). In 1987,
Cheng proved this conjecture when n is odd, and obtained the slightly worse bound [[A~ Y| >
2—V”2;2”+2||A||;1;X when n is even [1, Corollary 3.4]. The proof technique used relies on the Kiefer-
Wolfowitz equivalence theorem [4]. Drnovsek provided a simpler proof of the same bounds using only
the Cauchy-Schwarz inquality and basic calculus [2]. Harwitz and Sloane’s conjecture later appeared in
Zhan’s Open problems in matriz theory, and was referred to as the S-matrix conjecture [7, Conjecture
11]. Since Cheng’s proof for n odd, the S-matrix conjecture has only been fully proven in a number
of special cases (see, for instance, [3, 8, 9]). This becomes even more surprising given the simplicity of
the techniques used here to prove the conjecture when 7 is even.

Our proof technique is as follows. First, in Section 2, we analyze the structure of even-dimensional
matrices B with ||[B7}||r below our desired bound (Lemma 2.1). Any such matrix B must be nearly
binary, and B times a small perturbation of BT must have off-diagonal entries with fractional part
roughly 1/4 away from an integer. Then, in Section 3, we prove that, for n not too small, this can
never occur, i.e., the size of the perturbation to BT is too small to result in entries (of B times the
perturbed BT) that are 1/4 away from an integer (Lemmas 3.1, 3.2, and 3.3). No effort was made
to optimize the requirement of n > 1000, and the same argument provided below paired with some
additional casework and analysis can decrease this value significantly. However, proving the conjecture
for, say, n < 8 would likely require casework specifically designed for small dimensions. We leave both
of these tasks to the motivated reader.

2. PROPERTIES OF MATRICES THAT DO NOT SATISFY THEOREM 1.2
First, we provide a sketch of Drnovsek’s proof of Cheng’s result for n even (see [2] for details). Let
A € R" ™ n even, be a non-negative matrix with HAHmaX <1,
0 17

1 \/EgA—l \/7 2n-1) _znT)AT
o St 2

By the Cauchy-Schwarz inequality,

P =2 p(a), G(ANE < PR ICA)E = (20— A~ 2 ) 20 + h(A
g = (PG < |FA)IFIG |F—(n+4( 5l ||F>(n—|— (4)).

where
WG - R R e R ()

F =1 j=1 1=1
Taking the derivative of h(A) with respect to an entry A,; reveals that, for non-negative matrices A
with ||A]lmax < 1, A(A) is maximized by some A € {0,1}"*". When A € {0,1}"*", h(A) is simply a

function of the row sums A1, and is maximized when A1 = %1, producing an upper bound of

F(A) = , , and

n(n? — 2n +2)
h(A) < ————M—=,
(4) < n—2
Combining this bound with the previous one above immediately produces the lower bound ||A7Y||F >
T T
2vn?—2n+12 2n+ | All;L.. The proof when n is odd is similar, but with [i 7n42}1A_1] and |, _(21_ J%rlnT)AT

in place of F(A) and G(A). When n is odd, this same argument achieves the desired bound ||A~||F >
n+1 | Allmky, and it follows quickly that all inequalities are tight if and only if A is an S-matrix. Again,
we refer the reader to [2] for additional details regarding Drnovsek’s proof of Cheng’s result.
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Here, we consider the properties of an invertible non-negative matrix B € R™*" n even, for which
||B*1||F < ”2_17:1 |Bll.L.. In such a case, the argument presented above must be nearly tight, leading
to structure in B. In particular, B must almost be in {0,1}"*", its row sums must almost be %, and

F(B) must almost equal G(B). We make these observations rigorous below.

max*

Lemma 2.1. Let n > 2 be even, B be an n x n non-negative matriz with || B||lmax < 1 and | B71||r <
20— gy (12 1, and ¢ = 2220+ h(B). Then 0 <e¢ <1,

n+l’ Q(n 2) n—2
(1) I3 + Z Biy(1=Biy) = T+ g
2) |H(B)|3 < j((:_‘f)L W - é’:ji _d,
(3) B (BT + H(B)) = Y S ) P A ey O S e
Tin—-1) " in(n-2) m T T e

Proof. We first estimate c. From our previous analysis of h(:), ¢ > 0. We have

n2(n2 _ 2)2 B Tl(Tl4 4 2713 —6n — 4) n(n2 - 2)
g~ (FBLCENE S IFBHICE)IE < = —5 ( 2 )

implying that

< nn®—=2) (- (R =2)(n+1)*\ _ nn®-2)(n"-2n-2)
- n-—2 nt4+2n3 —6n—4) (n—2)(n*+2n3 —6n—4)
Now, consider Property (1). We have

h(B) = ZB Z > 5,

11 j=1

_ A= D gy, DL % 2 Bi(1-By)

n(n—2) i=1

B N e S T R
= O n 2 ([Bl}l ) n(n—2) LZ Bij(1— Byj),

<1

implying that

- (n—1)* (n—1)? cn n
Z([Bl]"_ 2(n—2)> Z Bij(1 = Byj) Z+4(n—2)2’

=1 i,7=1

Next, consider Property (2). We have

4(n —1)2 5 5 5 9 n(n? —2n — 2)
——||H(A = ||F(B)-G(B = ||F(B B)||%—2(F (B B < ——~+—
S = [F(B)-GB) = [FB) IO -20(B). G e < T 2
Finally, consider Property (3). We have
n? -1 n—2
BT + H(B Z—B 117 - —— 1,7,
+H(B) 4(n—1) P 2n n(n —1) "
From here, our desired result follows quickly by multiplying by B:
n? (n—1)3 n—1 n—2
B (BT + HB)) = I 117 1+1r") + —rr’.
(BT + H(B)) 4(n—1) +4n(n—2) + 2n (r1+1r )+n(n—1)rr
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3. A PROOF OF THEOREM 1.2 FOR N SUFFICIENTLY LARGE

In the previous section we proved a number of properties regarding a non-negative matrix B € R"™*",
n even, with |B71||r < 2” . Here, through a sequence of three lemmas, we conclude that when n is
larger than a small constant no such matrix B can exist.

Lemma 3.1. Let n,t € N, t > 3, n > 2t and n be even, B be an n X n non-negative matriz with

IBllmax < 1 and [|B~'|p < 22, 7 = B1 — g’gn ”2)1, and C = round(B) (i.c., ij — round(B;)).

Then there exist t + 1 distinct indices i = i1, ... i1 € {1,...,n} such that [C1]; =

27

1 n 1 1 1
}: 2 O] < — P < .
[H(B)]jz<4(n_t)7 ;|BU OZJ‘—4(n_t)_2’ and Ti S 2(n—2)+4(77—f)—2

j=1

Proof. By Lemma 2.1,

4(n —1)? & 5 1 n(n? —2n — 2)
= B, (1 — _ H(B)]z < 1
il + le ol =B+ n ”Z:j Bl o= " ot 12

for n > 6. Therefore, there exist t + 1 distinct indices i = i1,..., 441 with

4 2y 4n —1)2 & 4n —1)2 & ) 1

~rf Bij( SNV HB)E < ——,

nl 71—2)2 3 Jrn(n—2) Z[ ( )]]7’<n—t

Jj=1 j=1
and so Y7 [H(B)]}; < ﬁ. In addition, for such an index i,
n n 1
Z |Bij — Cij| < QZBia‘(l — By;) < =)
Jj=1 j=1
and so
. 1 . 1
|[B1]; — round([B1];)| < Z |Bij — Cij| < (1_—1> ZBij(l — Byj) < n-n-3
j=1 2(n—t) j=1
For i € {i1,...,%:41}, we also have
n n—12 n 1
i<y <1 - =) - ————
R YTr— <2(n—2) 2) An—t) -2
for n > 2t and ¢ > 3, implying that round([B1];) = [C1]; = %. This leads to the stronger bound
(=17 N 1 o 1
"S\2m—2) 2) " am—0 -2 2m-2) 4n—1) -2
U

Lemma 3.2. Let n,t € N, t > 4 and n > 4t be even, and B be an n X n non-negative matriz with
|Bllmax < 1 and ||B7Y|p < 22, Then there exist a matriz C € {0,1}3DX" and a vector y € R

— n+1
such that CCT = [21I + [2]117, ||y[|3 < [4(n — )] !
. 1 n—1 5 1 ,
[Cy]j_l_l’<4(n2)7L+4(nt)+(8(n—t)—4)\/m forj=1,...,t, and
[C‘] ’< 2n? —dn+1 n 5 n 1
Y ST m—Dn " 4m—10) 8 —t) 4t
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Proof. Using C' = round(B), r = B1 — gg;_l);) 1, and the t+1 entries 41, ...,441 C {1,...,n} described
in Lemma 3.1, we aim to estimate (CC7);; and [C(CT + H(B)));; for i,j € {i1,...,is11}, i # j, and
[C(CT + H(B))]s; for i € {i1,...,it41}, and use this information to conclude that the ¢ + 1 rows of
C corresponding to iy,...,4t41, paired with a column of H(B), have our desired property. For the
remainder of the proof, we assume that 4,5 € {i1,...,4:+1}. By Lemma 2.1, for i # j,
n—1% n-1 n—2

[(B—C+0C) (BT—CT+CT)L]-=4n(n_2)+ o T T

— (BH(B))ij

implying, by Lemma 3.1, that
(n—1)°

(CCT)is ~ dn(n —2)| —

< [(B = O)YCT)is| + |[B(B = )75 | + max|ri| + (B H(B));;]

< 2max (B - O + |5t + 1o | + $ZB JZ B)l;

< 1 n 1 n 1 1
2n—t)—1 2n—2) 4(n—-t)—2 2\ n-—t
When t > 4 and n > 4t,

1 1 1 <
2(n—t)—1+2(n—2)+4(n—t)—2 ~4(n—t)’

[$2§

and so
5 1 n 7
+ - < —.

(n—1)3
(CCT)is — An—t) 2Vn—t 10

dn(n — 2)

Because (CCT);; is an integer and

(n—1)3 (n=1P\|_1, 1 1 3
—_— = d|{ ———= —_— < — f > 16,
=2 "N m—2)|S1 8 T8m_2 “10 "=

(CCT);; = |%]. A similar analysis provides an estimate for [C(CT + H(B))];;, i # j, and [C(CT +
H(B))]i:

0™ + 1)), - 12U < (B = YT | + BB~ )y |+ max il + (B - OH (B
s+ B - Clal || YD),
k=1 k=1
5 1 1
SIm-p " (4(n—t)—2> SN
5 1
D D o
and
n? (n—1)3 5 1
‘[C (" +HB), - <4<n 0 P antm = 2))‘ R CED R COED BN

Let y equal (—1)"/2+! times column is4; of H(B) and C € {0, 1}#+D*" he the restriction of C to the
rows {41,...,%+1}. We have

n? (n—1)3 A

2n? —4n +1
An—1)  4n(n—2) [cc”]

S im—m-1n ™

| w? (n—12 n
_'4(71—1) T =2 2

i
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-1 3 -1 n/2+41 A -1 3 -1 n/2+1 -1
(n ) . (=1) _[¢ T]L _ (n ) . (=1) B LEJ __n for i # j,
An(n — 2) 4 J dn(n — 2) 4 4 4(n —2)n
completing the proof. O

Lemma 3.3. Lett =50 andn € N, n > 1000, be even. There does not exist a matriz Ce {0, 1}<t+1)xn
and a vector y € R"™ such that CCT = [211 + [2]117, ||y||3 < [4(n — )],

n—1 5 1

[Cy]j_‘_l’<4(n2)n+4(nt)+(8(nt)4)\/ﬁ forj=1,....t, and
Y S =) —1n " An—1t)  8(n—1t) —d)vn -t

Proof. Suppose that such a C and y exist. We note that, for ¢t = oO and n > 1000, the above inequalities

imply that |[Cyl; — 1l < for j=1,...,50 and |[Cy]s1| < The matrix

a()() o(]()

o (R e P

has orthonormal rows
T
n1-1/ . T s 1. _p n (4 ni-1 T
4] <C 11)(0 211) +4<n LJ )11 _ 1,

and so ||[Yy|2 < |lyl3 < [4(n —50)]7 L. Let @ = 1Ty. ||Yy|3 is given by

i1 e (17 5T
(T e 375 (4 217))

YY* =

|

IN

2

and so

5 n 1< . n 1 n
o — m <5—1 Z[Cy}l> o+ B (5_2 Cyl; ) ~ 204(n — 50)’

or, equivalently,

n 1 ’ n n (1 A 1o n? 1 A ’
(st om0« (dem) -

Using the above bounds on [Cy]; implies that

1 . 50 1\> 1922
N Cy2> = (- — ) = =2
57 2. CuE 2 (4 500) 31875

and

ot

121:[6*]-6 50 (1 1) 11 50 /1, 1\ 1 1]_[619 6301
514 S {51\ 17500/ 51500751 \4 ' 500/ T 51500] _ |25500° 25500
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Noting that, for n > 1000 even, 7 {%] e [1 — ﬁ, 1}, leads to the lower bound

n 1S . n n 1S . n? 1 S ?
> SN ) P L NT Ay 2N,
“= o275 ;[ yli 204(n—50)  [2] \ 51 Z;[ vli +4[%12 51 ;[ yli
2
1\ 61 1 1922 1
oy L) 6199 000 —4(1—ﬁ)9—+4 6301
501 ) 25500  \/ 204(1000 — 50) 31875 25500
S 39
100°

Let ¢ € R™? denote the restriction of y to the n/2 indices i € {1,...,n} where C5,; = 0. We have

39 1 . n 0 1000
0.388 = — — ‘ — 16yl < 19l < o/ 21l < < 0.37.
100 ~ 500 < 1@~ CUl| = 19l =y /519l = /3R =55y =\ 5000 —s0) < 0T
a contradiction. O

The combination of Lemma 3.2 and Lemma 3.3 implies that |B~!|r > nzjrbl for all even n > 1000.

Combining this with Cheng’s proof of the conjecture for n odd [1, Corollary 3.4] completes the proof
of Theorem 1.2.
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